Abstract. Let H2B(R) be the family of bounded nonharmonic biharmonic functions on a Riemannian manifold R. On the punctured Euclidean /V-space Eg = {x = (x\...,xN)\0<\x\< oo}, //25 is void for N > 3, whereas for A/= 2,3, it is generated by certain fundamental spherical harmonics. It is also known that H2B remains void on the Riemannian manifold E£, N > 3, obtained by endowing E$ with the non-Euclidean metric dsa = r" \ dx \ , a £ R.
Let H2B(R) be the family of bounded nonharmonic biharmonic functions on a Riemannian manifold R. It was shown in Sario and Wang [2] that on the punctured Euclidean JV-space Eq = {x = (x1,... ,xN) | 0 <| x |< oo}, H2B is void for N > 3, whereas for N = 2,3, it is generated by certain fundamental spherical harmonics.
In Sario and Wang [3] , it was proved that H2B remains void on the Riemannian manifold E^, N > 3, obtained by endowing Eq with the non-Euclidean metric dsa = r" \ dx \, a E R. The cases N = 2,3 were left open.
The purpose of the present paper is to show that the fundamental spherical harmonics continue generating H2B(El), despite the distorting metric dsa. An analogous result holds for E2.
Consider the space
Ea= {* = (r, 6\...,0N~i)\O<r< oo, dsa = ra\dx\, a G R} with polar coordinates (r, 0) = (r, 01,.. .,0N~l). We first state some facts from [3]. Lemma 1. There exist no H2B functions on E", for N > 2.
Thus when we are searching for generators of H2B functions, we may ignore the case of a = -1. 1.2. Generators of H2B-iunctions on E,2. We claim Theorem 1. H2B(E2), where a = -1 ± k/2, k E Z+ , is generated by 1, sin k6, and cos k6.
Proof. We shall establish the theorem for the case a = -1 -k/2, the other case being entirely similar. Let S", = cos nO and Sn2 = sin nd. From Lemma 3 we
P" = 0 implies 2~N(a + 1) + p" -0, which yields n = §. Thus /x = f if A: is even.
Since ja must be an integer, there is no ju. term if k is odd. Q" = 0 gives 5/V(a + 1) + ¿¡r" = 0, whence -n = §, which is impossible, since both n and & are positive. Thus there is no v term.
We may represent u by Since u is bounded, we have, on letting r -> oo, Anm = ¿nm = 0 for n = 1,...,k -1, and tf(*/2)i = a(k/2)2 = a = b = c = Q. We infer that w = AkíSkl + Ak2Sk2 + d -Akl cosk6 + Ak2sinkO + d.
The proof of Theorem 1 is complete. In the case k = 2, we have a = 0, and therefore Corollary [2] . H2B(E$) is generated by 1, sin 20, and cos20. The remainder of the proof will be divided into Steps I-V. I. For any given n, the highest order term is obviously c"mrp"\ we eliminate this first.
Choose p G Cq00, p > 0, suppp C (0,1). Define p,(r) = p(r -t), and tp, = p,S"m. II. For n > k, p" + 2« + 2 > 0, p" + 2a + 2 > q", and /?" + 2« + 2 > /t. After
Step I above, the latter statements assure us that, for a fixed n > k, Anmrp"+2a+2 is the dominant term as r -» oo. If A"m ¥= 0 for n > k, the test function from
Step The proof of Theorem 2 is complete.
In particular, when k = 1, we have a -0, and the Slm are cos 0 cos t//, sin 0 sin i// and cos 6, where 0 is the angle between the vector and the z-axis.
Corollary [2] . HB2(Eq) is generated by 1, cos 9 cos xp, sino sin i//, and cos 0.
